A GENERALIZATION OF THE FLEXIBLE LAW (%)

BY
D. RODABAUGH

1. Introduction. Various identities have been substituted for the associa-
tive law. Many of these use the associator:

(x,¥,2) = (xy)z — x2(y2).
In this paper, we will call a ring R a (=,¢) ring if:
1 (x,x,%) =0,
(2) (x,5,2) = e(x(x), =(y), =(2)),
where fora in R, a/e exists in R and ~ is in S;, the symmetric group on three
letters. It is easily shown that e = =1 or (x,y,2) = e(y,2,x), where ¢+ ¢
+1=0.

Throughout this paper an algebra (A, +, x, F) is defined as a set A, a field
F and two operations such that (A4, +, x) is a nonassociative ring, (A, +, F)
is a finite-dimensional vector space and such that (ax)(8y) = (aB)(xy) if
a,B are in F and x,y are in A. We shall, furthermore, find it convenient to
define the following symbols:

xX-y=xy+yx (char. not prime to 2),

(3)
X.-y= % (xy + yx) (char. prime to 2).

The ring formed by this multiplication is denoted R*.

(4) {xxyszl=(x-y).-2—x-(y-2),
() (x,y) = xy — yx.

The ring formed by this multiplication is denoted R~.
(6) {x0y6z} = ((x,5),2) — (x,(,2)).

A semisimple algebra is one whose radical is zero where the radical is the
maximal nil ideal. We further define a simple algebra as a semisimple algebra
without proper ideals. An idempotent is an element e with e? = e = 0.

Presented to the Society, March 12, 1962 under the title A generalization of the flexible law
and December 6, 1962 under the title A generalization of antiflexibility; received by the editors
November 8, 1963.

() This paper presents the major results of the author’s Ph.D. dissertation written under
L. A. Kokoris at the Illinois Institute of Technology. In addition, many of the results are
generalized.
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In §3, necessary and sufficient conditions will be given for the following
theorems to hold in an algebra.

THEOREM 1.1. For every idempotent e,

A= Aj(e) + Aple) + Api(e) + Awle).
THEOREM 1.2. The algebra A is central simple if and only if A is associa-
tive or nodal over some algebraic extension of F.

THEOREM 1.3. If A is semisimple, then A is a direct sum of simple algebras.

Defining x*= x*"'x, we call a ring power-associative if x***= x*x* for
all integers a, 3. We will also need the following definitions.

DEFINITION 1.1. A ring is antiflexible if it satisfies (x,y,2) = (z,, x).

DEFINITION 1.2. A ring is nearly antiflexible if it satisfies

(x,x,y) = (y,x,%).

After some preliminary facts on antiflexible algebras and nearly antiflex-
ible algebras in §4, the idempotent decomposition relative to a set of orthog-
onal idempotents is given in §5. In §6 it is shown that for char. # 2, a sim-
ple power-associative antiflexible algebra has an identity. A semisimple
nearly antiflexible power-associative algebra is proved to be the vector space
sum of an alternative ideal, degree one subspace and possibly a nil space.
An alteration of the multiplication of nearly antifiexible algebras is given
that preserves the nearly antiflexible identity and power-associativity. This
alternation transforms a semisimple algebra into a direct sum of an alterna-
tive ideal, degree one ideals and possibly a nil ideal. A similar alteration is
given for antiflexible algebras that gives slightly sharper results.

We will make use of the fact that a Lie ring is an anticommutative ring
satisfying (xy)z 4+ (y2z)x + (2x)y = 0. A Jordan ring is a commutative ring
satisfying (x%y,x) = 0. A ring R is Jordan admissible if R* is Jordan and
Lie admissible if R~ is Lie.

2. (m,¢) rings. If a ring R is (=, ¢;) and (m,e;) then, upon subtraction,
0=(x,5,2) — (x,5,2) = (e — &) (x(x), 7(y), x(2))
so either ¢, = ¢ or (r(x), 7(y), 7(2)) = 0. Thus we have the following result.

LemMa 2.1. If = is in S; and if R satisfies (x,y,2) = e(x(x), x(3), =(2)),
then either ¢ is unique and nonzero or R is associative.

LEMMA 2.2. Let R satisfy (x,y,2) = e(x(x), x(y), x(2)). Then either R is
associative or =" = I implies ¢" = 1.

Proof. Every element in S; is of order 1, 2, or 3 so
(x,9,2) = e(x(x), 7(y), 7(2)) = ¥(x*(x), 7%(y), 7%(2)) = E(=*(x), 7(y), ©°(2))
implies, if =" = I, (x,y,2) = "(x,y,2). But this implies (¢" — 1)(x,y,2) =0
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from which the lemma follows.
F. Kosier, while not referring to them as (r,¢) algebras, studied (r, + 1)

algebras in [13]. The following lemma and its corollaries are readily justi-
fied.

LEMMA 2.3. Let = be of order 3 and suppose R is a (x,¢) ring, then R is a
(1r2, (2) ring.

CoROLLARY. If R is ((xyz),¢) then R is ((xzy), € and if R is ((xzy), ¢
then R is ((xyz), €%).

CoOROLLARY. A ring is ((xy2), 1) if and only if it is ((xzy), 1). If a ring is
((xy2), €) with e # 1, since ¢ = 1, if the ring is not associative then ¢ + ¢ + 1
= (0. We have thus proved the main result of this section.

THEOREM 2.1. In a (=€) ring, either e = +=10r ¢+ ¢+ 1 =0 and (x,y,2)
=e(y,2,%).

In any ring, (x,5,2) + (,2,%) + (2,x,5) = (xy,2) + (yz,%) + (2x,); so if
(x,%,2) + (¥,2,%) + (2,x,y) = 0 then (xy,2) + (y2,%) + (2x,¥) = 0 = (2y, %)
+ (yx,2) + (xz,y). Subtraction gives ((x,¥),2) + ((y,2),x) + ((2,x),y) =0
so A- is Lie. If A~ is Lie then (x,y,2) + (y,2,%) + (2,x,5) = (2,5,%)
+ (x,2,y) + (3,x,2). If (x,x,x) =0, then for char. prime to 2 we get
(x,y,2) + (v,2,%) + (2,x,¥) = 0. We now summarize these results.

LEmMA 2.4. (1) If (x,y,2) + (v,2,x) + (z,x,5) = 0 then A~ is Lie.
(2) If A~ is Lie, (x,x,x) = 0 and char. prime to 2 then (x,y,2) + (y,2,x)
+ (z,x,y) = 0.

3. Necessary and sufficient conditions. Define R;i(e) = {x: ex = ix, xe = jx/|.
It is easily seen that if R;(e) exists for some idempotent, then it is closed
under addition. Also, if R;(e) and R,.(e) exist for distinct subscripts then
only zero is common to both. If R is an algebra, then Rjj(e) is a subspace.

For this section we will be interested in the following sets:

o/ = {Power-associative rings R such that if e’ = e then

(1) R = Ryi(e) + Rio(e) + Roi(e) + Roole).

(2) Rij(e) Rin(e) S Rin(e).

(3) R,,(e) Ri.(e) =0 if ] # k.

(4) £ (e) = Ryp(e) Roi(e) + Ryo(e) + Roi(e) + Roi(e) Riole)
is an associative ideal. }

%#* = | Power-associative algebras A such that

(1) For every idempotent e, A = Aj(e) + Ajle) + Aple) + Agle).

(2) A is central simple if and only if A is associative or nodal over some
algebraic extension of F.

(3) If A is semisimple then A is a direct sum of simple algebras which,
if central simple, are in #*.}

9 = {Power-associative rings R such that for e’ =e
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(1) (e,x,y) = (x,y,€) = (x,e,y) = 0 for every x and .

(2) If R = Ry;(e) + Ryo(e) + Ryi(e) + Ryo(e) then Z (e) is an.associative
ideal. }

¥ = {Power-associative rings R such that
(1) There is a k such that x* = 0 or there is a linear combination

Z a;xi #0
i=1

such that (3 %iaix,y,2) = (¥, 211 aix,2) = (y,%, 2 1 a;x’) = O for every
x,yand z in R.
(2) Ife*=e and R = Ry;(e) + Rio(e) + Ro(e) + Ruo(e) then £ (e) is an

associative ideal. }

% * = | Power-associative antiflexible rings. |

[ #]* ={Power-associative antiflexible algebras such that for every x,y
and z there is either a k with x* = 0 or there is a nonzero linear combin-
ation Y 7, a;x' # 0 with (37 e;%',y,2) = 0.}

Y = {Power-associative algebras.}

= FNY.
9*=9N¥Y.
*=¥NY.
% = {Semisimple algebras over an algebraically closed field. }
A= A*NS
B,=#*NS
D=9*NS
E=F*NA
F=F'NH

[Z]=[F]"Nn ¥

THEOREM 3.1. The following relations hold for the above sets:

1) = 9.

Q2 Y*=D*=F*C B*.

Q) ¥ =B, =9,=%.

(4) Msmg= @sﬁg=gsﬂ~7=5§sﬂi

Proof. Suppose R is in &/, x in Rj(e) and y in R.(e) then (e, x,y)
=(x)y —i(xy) =0, (x,y,e) =(m —m)(xy) =0 and (x,e,y) = (j — k) (xy)
=0forifj=kthenxy=0so Risin Z. If R is in & then in R, (x,¢,e)
= (e,x,e) = (e,e,x) = 0 so from the proof of the associative case,

R = Ry,(e) + Ry(e) + Roi(e) + Roole).
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Furthermore, if x is in R;j(e) and y is in R,.(e) then (e,x,y) = (x,y,e) =0
implies xy is in R;,(e) and (x,e,y) = 0 implies, for j =k, R;(e) R,.(e) = 0.
Hence Risin & so &= 2. Now, if A is in & *, using the methods
employed to prove Theorems 3, 4 and 5 of [10], then A is in %#*. Consider
an element A of % * and let e be an idempotent. Since e" = e and

Z Cl,'ei = <Z (1,’)9

i=1 i=1
then B(e, x,y) = B(x,e,y) = B(x,y,e) =0, where 8 =) ", a;# 0s0 A is in
9. Conversely, take A in 9 *. For any x in A, either x is nil so x* =0 for
some k or x is not nil. If x is not nil then in the subalgebra generated by x
there is an idempotent e = >}, o;x' for this subalgebra is non-nil and
associative. (See [1].) Hence,

(Z aix",y,2> = (y,Z a.~x‘,2> = (y,z,Z a.-x‘) =0
i=1 i—1 i—1

so A isin ¥ *. We have proved &/ *C #* £C D and D *C & so (2)
is true. If an algebra is in %, and is simple then it is associative or nodal and
is therefore in %Z,. Any algebra in %, that has ¥ (e) as an associative ideal
is in 7, so we need only prove % (e) is an associative ideal. Suppose A is
in %, and is semisimple but not simple, then

A=Aue) @ Aule) @ --- @ Anlen),

where Z’l‘e; is an identity and each A, (e;) is simple. Since F is algebraically
closed then A (e;) is central simple and is in %,. Thus either e; is primitive
or A (e;) is associative. If A,,(e;) is associative and if u is an idempotent
in Ay (e;) then Ao(u) + Ap(u) C Ay(e) so £ (u) is in Ay ( e) and is there-
fore associative. It is not difficult to show £ (u) is an ideal in A;,(e;) using
the methods used in [10] to show ¥ is an ideal. Clearly then % (u) is an
associative ideal of A. If e is an arbitrary idempotent then e = u, + --- + u,,
where u;isin A;;(e;) and thus £ (e) = L (1) @€ () @ --- ®% (u,). (This
can be proved by induction.) Therefore, & (e) is an associative ideal of A
and hence A is in %/ ,. We have proved (3) and now (4) is obvious.

Using the relations among A ;(e) proved by Kosier for antiflexible rings we
get, if x = x;; + %10+ Xo1 + %o and y = Y1 + Y10+ Yo + Yo, Where x;;, y;; are
in Aje), (x,e,y) = (x11+ xo1)y — x(y1n + ¥10) = 0. Since (e, x,y) = (y,%,e)
and since % (e) is an associative ideal, then A is in & if and only if
(e,x,y) = 0. It is clear that ¥ * N F C [ F]*. Assuming A is in [ F]* we
get for e an idempotent, (x,e,y) =0 and % (e) is an associative ideal for
A=Au(e) + Ayle) + Aule) + Awle). Also e" = e and ) 1 e’ = (D[ ai)e
so B(e,x,y) = 0 for 8~ 0 so (e,x,y) = 0 for all x and y. Thus
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(x:y’e) = (e,y’x) = 0
so Aisin 2*N Z. By Theorem 3.1, 9 *= & * s0o £*N F=[F]*

THEOREM 3.2. (1) Theset [ F|*= ¥ *N £
(2) Theset[ F|= N\ F= BN F=9D,NF=%NF

We have thus found equivalent ways of defining %,. The results, as we
have seen, are sharper for antiflexible algebras.

By applying the proofs in [ 10] to the special case (x,y,2) = (y,z,x) with
¢+ ¢+ 1 = 0 we can easily prove this next theorem. The corollary is then
obvious.

THEOREM 3.3. If an algebra satisfies (x,y,2) = e(y,2,%x) with € +e¢+1=0
then it is in ¥, provided it is power-associative.

COROLLARY. Any semisimple power-associative algebra satisfying (x,y,2)
= e(y,2,%) with &+ 1 = 0 over an algebraically closed field is in %,

4. Antiflexible and nearly antiflexible rings. So far we have two reasons for
studying antiflexible rings. First, they were among the special cases of the
identity used by Kosier [ 12]. They are also among the residual cases of (r, ¢)
rings. By using the associators of A* and A~ we will be able to give a third
reason. A similar treatment will provide some new identities for nearly anti-
flexible rings. The following is easily proved by direct computation.

LEMMA 4.1. In any ring Klxxy=xz|+ {x0y0z} = 2[ (x,¥,2) — (2,,%)],
where K = 4 if char. is prime to 2 and otherwise K = 1.

The identity K{x *y *z} + {x0y6z} = 0 then holds in any associative ring.
We also have the following theorems and their corollaries.

THEOREM 4.1. For char. prime to 2, a ring satisfies the identity 4[x *y z}
+ {x8y6z} = O if and only if the ring is antiflexible.

COROLLARY. For char. prime to 2, any two of the following statements about
a ring R imply the third:

(a) The ring R* is associative.

(b) The ring R~ is associative.

(c) The ring R is antiflexible.

THEOREM 4.2. For char. prime to 2, a ring satisfies the identity
4{xrx*y} + {x0x8y} =0
if and only if the ring is nearly antiflexible.

CoROLLARY. For char. prime to 6, any two of the following statements about
a ring R imply the third:
(a) The ring R* is associative.
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(b) The ring R~ is alternative.
(c) The ring R is nearly antiflexible.

Power-associative nearly antiflexible rings, though unnamed, were studied
in [9]. Such a ring, if power-associative, decomposes relative to any idem-
potent into the subspaces R = R;(e) + Ry(e) + Ro(e) + Role). It is fur-
ther shown that Ri(e) - Ri(e) C Ri(e), Ri(e) S Rile) + Rje), Ri(e)Rjie)
C Ri(e), Ri(e) CRjle), yi=0, Ri(e)Rj(e) =0, Rj(e)R;(e) C Rij(e), and
Rj(e)Rje) = Rj(e)Ri(e) =0, where i=0 or 1 and j=1-—1i. Allbut
Ri(e) - Ri(e) C Rile) are proved in [9] and this is proved in [2]. In addition,
it is proved that % (e) = Ai(e)Ap(e) + Ale) + Anle) + An(e) Ayle) is an
alternative ideal. A few additional statements are true for antiflexible rings.
Kosier [ 12] proved that in a power-associative antiflexible ring, Rf(e) = 0.
An antiflexible ring that satisfies (x, x,x) = 0 is Jordan and Lie admissible.
For char. = 0, such a ring is power-associative. The ideal £ (e) is associative
in an antiflexible power-associative ring.

For Lie admissibility, Kosier did not use (x, x, x) = 0 so, if R is antiflexible,
we have {x9y8z} = ((x,%)2) — (%, (5,2)) = ((x,5)2) + ((,2),%) = — ((2,%),).
Combining this with Theorem 4.1 we have for char. prime to 2, 4{x *y*z}
= ((z,x),y). Conversely, since {x*x *x} =0 (for R* is commutative) and
R is Lie admissible (for (R*) ~ is a zero ring) then, by Lemma 2.4, we have
{x*y*z}+{y*z*x}+ {z*x*y} =0 for char. prime to 2. If, in addition,
4{x*y+z} = ((z,%),y) then R~ is Lie and {x8y9z} = — ((2, %), ) so, for char.
prime to 2, 4{x*y+z}+ {x6y9z} = 0 and therefore R is antiflexible. We
have proved the lemma.

LEMMA 4.2. For char. prime to 2, a ring is antiflexible if and only if
4xxyrz) = ((z,%),).

From Lemma 2.4, since R~ is Lie if R is antiflexible, if (x,x,x) = 0, then
(x,5,2) + (3,2,x) + (2,%,¥) = 0 for char. prime to 2 and the converse is
obvious if char. is prime to 3.

We have shown in Theorem 4.1 and Lemma 4.2 that the following three
are equivalent for char. prime to 2:

(a) A ring is antiflexible.

(b) A ring satisfies 4{x *y *z} = — {x0yfz}.

(c) A ring satisfies 4{x*y*z} = ((2,%),).

It is interesting that from (c) we have for a power-associative antiflexible
ring with char. prime to 2, {x**y*x"} = 0.

LEMMA 4.3. For char. prime to 6 the following are equivalent for a ring:
(a) The ring is antiflexible and satisfies (x,x,x) = 0.

(b) The ring satisfies (xy,2z) = x(y,2) — (2,%)y — 2(x,2,y).

(c) The ring satisfies (x,y,2) + (¥,2,x) + (y,x,2) = 0.

(d) The ring satisfies 2(x - y)z — 2y(x - 2) = (x,y2).
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Proof. By direct and obvious computation for char. prime to 2, (d) and
(c) are equivalent. In any ring, (x,y,2) — (x,2,y) + (2,x,y) = (xy,2)
— x(y,2) + (2,x)y. Assume (c) is satisfied and permute x,y and z to get
(2,x,y) + (x,¥,2) + (x,2,y) = 0. Subtraction yields (b). Also on subtracting
(b) from (xy,2) = x(y,2) — (z,x)y + (x,y,2) — (x,2,¥) + (2,x,y) which is
true in any ring, we get (c) so (c) and (b) are always equivalent. For char.
prime to 2 in an antiflexible ring with (x,x,x) =0, (z,x,¥) = (¥,%,2) and
(x,,2) + (y,2,x) + (2,x,¥) = 0 so (c) is satisfied. Now assume (d). Inter-
changing y and z gives 2(x-2)y — 22(x -y) = (x,2y). Subtraction yields
4{ y*X *z} = (x,(y,2)) = ((z,5),x) so the ring is antiflexible. Letting
x=y=2zin (d), we get 2x’x — 2xx>= (x,x?) or 3(x,x,x) =0 which for
char. prime to 3 gives (x,x,x) = 0 so for char. prime to 6, (d) implies (a).

5. Decomposition relative to a set of idempotents. Let A be a nearly anti-
flexible power-associative algebra. If A has an identity element, then let
A = B. If A does not have an identity, then let B be the algebra formed
from A by attaching an identity element (see [14]). In an obvious way A
can be thought of as an ideal of B. We will call this ideal A. From the as-
sumption of finite dimensionality, if there is an idempotent in A then there
is a principal idempotent e of A. This principal idempotent can be written as
the sum of pairwise orthogonal idempotents. If A =« B, 1 — e is an idempo-
tent. If 1 — e is not primitive, then dim B = dim A + 2 and this is impossible.
Therefore 1 =) 7, e, where {e;|l_, are pairwise orthogonal idempotents
and either 1 or ) "~ ¢; is principal in A. If A is power-associative, then B
is power-associative. Also, B is (nearly) antiflexible if and only if A is (near-
ly) antiflexible.

Decomposing B relative to orthogonal idempotents e and f will prove the
following lemma. The proof will be omitted as it is computational and
depends only on the idempotent decomposition of B.

LEMMA 5.1. In B, let ef = 0 = fe, where e’ = e and f* = f then

(1) Bo(e 4 f) = Boo(e) N Bo(f) + Boi(e) N Beo(f)-

(2) Bio(e + f) = Biy(e) N\ Bw(f) + Bwle) N Bio(f).

(3) Bu(e + f) = Bule) N Bu(f) + Biole) N Bu(f) + Bo(e) N Buo(f) + Bwle)
N Bu(f) with By(e) = Bu(e) N Bu(f) and By (f) = Bw(e) N Bu(f).

(4) Boo(e + f) = Bw(e) N Bulf).

(5) If e+ f is an identity for B, then Byy(e) = By (f), Bu(e) = By(f).

DEFINITION 5.1. 8; = Byi(e), B = Bio(e:) N Buley), ¥, = BN A.

LEMMA 5.2. In B, regardless of the numbering of the e;
(1) Boo(ZLlei) = i=1 Boole)).

(2) Bu(Qoi-1€) S i1 Bule)).

3 Blo(zf=1ei) §Z§=1Blo(ei)-

4) Bu(Zf’=1ei) = :’=IZ;‘=1/3ij-
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Proof. Proofs of (1), (2), (3) and part of (4) will be by induction on ¢.
Each of the statements is true for t = 1,2 by Lemma 5.1. Now assume (1)
for t = k. From above

Bw<’§ei) = BOO(Zk e,~> N By(ers1) = l:rj: B(e).

i=1 i=1

Assuming (2) for t=Fk results in Byuy(3 *tle) C Bu(Q_k,e) + Bulersr)
C > k! By(e;). The proof of (3) is similar. For (4), we first need to prove
that [th Blo(ei)] N By (€x+1) QZ:';l [Blo(ei) N BOI(ek+1)]- If we let x be in
(3%, Bio(e) |N Bou(€s+1)) then x =2 %, x; with x; in Byle) and x in
Bo(ex1). Relative to ey, %= (x)u+ (x)w0+ (*)oa + (X)o0s0 Dy (x)u
=3t ()=t (x)w="0. Consequently, x=72 !, (x)q and x is in
>k [ Bule) N Buless)]. Interchanging 0 and 1 gives the fact that
[Zh:l Bm(e)] N Buoler+1) S Z?=x [Bm(ei) N Blo(eh+l)]° Suppose Bu(Z?=1 e)
=% > % .8, From the above lemma,

Bu<ki1 ei) = Bn<i e,) + [ Blo(zk: e,~>] N Boi(ex+1)

i=1 i=1 i=1

+[ Bm(Zk: ei) ] N Bio(€r+1) + Bulers1).

i=1

From (2), (3) of this lemma and the formulas just proved we derive the fact
that B;(3_%*le) €3 %11 > 148, From the distributive law it is clear that
BiiMBmp=0 if im or j=p so we can clearly see that D i 3 %118,
C By;;(Q_%1 e). This completes the proofs.

NowA =BNAandthus A = (1, 201 8) NA =21 20 (BN A)

=22 Y

THEOREM 5.1. A nearly antiflexible, power-associative algebra A is the sum
of the distinct subsets ;.

We will now derive the multiplication of the subspaces 8;. We know that
if 8;; and B, are distinct that they have a zero intersection. Let x be in 8;
and let y be in g If i3], Bu(e) C Bule) because B= By l(ei+e)
+ Biolei + ¢)) + Boi(e; + €) + Blei + ¢)) so

Bu(ej) N (Bu(e) + Biole:) + Bole)) = 0.

Thus for i #j, xy is in By (e;) Bu(ej) C Bule:)Bule;) = 0. It is known that
Bii(e) - Bu(e) € Byy(e;), so when i=j, x.y is in B; . We know that
Bii(e;) C Byles) for all k i so x,y are in By(e;) for k 5 i. From [9] quoted
before, xy is in Byj(ex) + Beley) for all k 5 i, and xy is in By (e;) + Bwle:).
Now Byi(ex) N Bu(e:) = 0, Bii(ex) N Byle;) = Buler), Bule) M Booler) = Bule)
and (", By(e;) = 0 so xy is in DI, B
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The proof of 8% C B; follows from the facts that Bi(e) < Bol(e;) and
Bii(e)) C Byole). If i  j or j # k it is easy to prove that ;8 C B We will
illustrate the case ij=*k. We have 8;8;=[Biole:) N Bule)][Bule)]
= [Blo(ei) N Bm(ej)] [Bu(ej) N Boo(ei)] C Byled N B(n(ej) C B since Bll(ej)
C Byle;) for i j. When j =k and either i #k or j = m then it is not
difficult to show 8,8 = 0. Now & &}, C BB so the same rules hold
for A. Hence we have this fact.

THEOREM 5.2. In a nearly antiflexible power-associative algebra A, the sub-
spaces ¥; satisfy the following laws:

(1) X7, ¥, is a subalgebra.

Q) ¥, ¥;C ¥,

(3) wiC V.

(4) ¥ ApC Ay if i=jorj=k.

(5) A Dm=01if j~k unless i =k and j=m.

These laws are similar to the laws in an alternative ring except for the
fact that in an alternative ring, &/?C o/;. In an antiflexible algebra
Aly(e) = Afi(e) =0 so we can replace (3) and (5) by a single formula.

THEOREM 5.3. In an antiflexible power-associative algebra A the subspaces
¥ satisfy the laws:

(1) i, ¥, is a subalgebra.

(2 ¥, ¥;C Y,

(B) Kij Lm=01if j=k.

(4) _S%j .S%,,,QA,-,,, lfl?fj Ol'j# m.

The only difference between these laws and the corresponding laws for
associative algebras is that in an associative algebra ¥; &; C ;. How-
ever, Kosier [ 12] demonstrated that even a simple antiflexible power-associa-
tive algebra need not satisfy this. In different notation, an example of such
an algebra is generated by ey, e, x;, X, ¥, and y, where x?= y% =0, e’= ¢,
XYL = €3, X2Yy = €,YiXi = — X;¥i, (181 + B1 X1+ v1y1) (azez + B2 %z + v2¥2)
=0 and (az€;+ Ba%2 + v2¥2) (@161 + B1%1 + viy1) = 0, where a;,8; and v, are
inF.

6. Simple antiflexible algebras. By our definition a simple algebra is non-nil
and so has an idempotent. Kosier has shown [12] that for a simple, anti-
flexible, power-associative and not-associative algebra, if e = e then A (e)
+ Ag(e) = 0. He does this by showing in any antiflexible algebra, £ (e)
used in §3 is an associative ideal. The following set will be of importance in
the rest of this paper where A is as defined in the previous section. From
now on assume char. # 2. Furthermore, we use the word algebra for an
antiflexible power-associative algebra.

DEFINITION 6.1. The set Z = {x in A: (x,y) =0 for all y in A}.
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In A, (xy,2) + (y2,%) 4 (2x,y) = (x,5,2) + (¥,2,%) + (2,x,y) =0s0if z,x
are in Z then zx = xz is in Z. Clearly Z is a subspace so Z is a commutative
subalgebra. For char. > 2, from the proof of Lemma 4.2, (xy,2) = x(y,2)
— (2,x)y — 2(x,2,5) and hence if z is in Z then (x,2,y) = 0, where x and y
are arbitrary. Therefore, Z is associative as well as commutative. If A is
simple then there is an idempotent e and, if A is not associative, then
A = A, (e) + Awle). Consequently e is in Z so Z is not zero in a simple not-
associative algebra. In an associative simple algebra there is a 1 which is
inZ.

We know that in any ring (wx,y,2) — (w, xy,2) + (w, x,y2) = w(x,y,2)
+ (w,x,y)z2 and (2y,x,w) — (z,yx,w) + (2,¥, 2w) = 2(y, x,w) + (2,y, x)w.
Using (a,b,c) = (c,b,a), we have (xw,y,2) — (w,yx,2) + (w,x,2y)
= (x,5,2)w + (y, x,w)z. Therefore ((w,x),y,2) — (w, (x,¥),2) + (W, x, (y,2))
= (w, (x,¥,2)) + ((w, x,¥),2). Suppose x is in Z. From above (w,x, (y,2))
= (w,x,y) = 0 and since (w, x) = (x,y) = 0 then (w, (x,¥,2)) =0 so (x,y,2)
isin Z. Since (z,y,x) = (x,y,2) we have this result.

LEMMA 6.1. Let x be in Z, then (y,x,2) = 0 and (x,y,2) = (2,y,x) is in Z.

Now let x,y be in Z and let a,b be in A. We can easily see that (x 4 ya)b
= xb + (ya)b = xb + y(ab) + (y,a,b), b(x + ya) = bx + b(ya) = xb + b(ay)
= xb + (ba)y — (b,a,y) = xb + y(ba) — (y,a,b), where (y,a,b) is in Z.
Hence Z + ZA is an ideal in A. Since Z > 0 in a simple algebra then we have
this fact.

LEMMA 6.2. For char. #2, if A is a simple antiflexible power-associative
algebra then A =7 + ZA.

The following definitions will hold in this and the next three sections.
Since xy = ) 7., z; with z; in ¥, let xy N\ & = 2.

DEFINITION 6.2. Let x,y be in ;; and define (xy),, (xy) by: (xy), = xy
N Dy (XYY = 2y N Qi i) = D jei (x3).

If A is simple and not associative then, using the notation of the previous
section, A = > I, &, for, from [12], if A is simple and not associative
then A = A} ,(e) + Ayle) relative to any idempotent e. Suppose x,y are in
¥ and z is in Yy, where k = i. It is clear that (x,y,2) = (xy)z — x(y2)
= (xy):2z and (2,y,x) = — 2(yx),. It has been shown that ;- &;C &,
80 0 = 2(x - ), = (xy)x + (yx)s. Therefore (xy), is in Z, where k > i and (xy)
isin Z. Thus &N . ¥;<Z. We use Z’' to mean the set theoretic
complement of Z in A.

LEMMA 6.3. Assume char. #2 and let A be a simple antiflexible power-
associative algebra which is not associative. Then ¥;N\Z #0 and ¥X;NZ’
#0 for all 1.

Proof. Suppose ;N\ Z’ =0 for some i. Then ¥?= &, &;C &;



1965) A GENERALIZATION OF THE FLEXIBLE LAW 479

s0 ¥, is a nonzero ideal. Hence, A = ¥;; and is commutative and there-
fore associative for A = Z. This proves ;N Z’ #0. Now let &/;NZ=0
for some i. Let x,y be in &}, for k i then since (xy); is in Z we have
(xy);i=0 for all x and y in ) ;.; ;. Therefore D ;.; ¥, is an ideal in A
and since A is simple we conclude )_;.; &/;;= 0. Hence A = &;; and Z # 0
so ¥YiNZ#0.

The following lemma is easily verified by induction on m and Lemma 6.1.

LEMMA 6.4. Let {a;}[-, C Z then, for any x in A,

<,Ii'11 a,~>x =a(axa;s--- (@px) ---)).

LEMMA 6.5. Let the algebra A be simple, power-associative, antiflexible and
not associative with char. # 2. For any i, there is an x 0 in ¥; with x = ax,
where a is in Z " ¥,

Proof. Part I. We will first prove that for any x not in Z but in ;; there is
a set of elements a,,ay - -,@mb,y;, -, yn with {a;}7L,U{b} CZN ¥
and {y,, ---,¥n} CZ' N ¥ such that x =) ", a;y; + b. From Lemma 6.2,
x=2 T"iajyl+b, where {a/|_,U{b'} CZ and {y!/}C Z’ for if some y;
is in Z then a/y/ is in Z and this can be included in b’. Let a! = a; + a?,
b =b+b", yi =y +y!, where a,b,y; are in ¥; and a/,b”,y/ are in
D =i ¥ If ¢’ is in Z then ¢’ =c+c¢”, where ¢ is in &, and ¢” is in
> jxi . Let g be an arbitrary element of A. We have ¢ = r + s with r in
; and {s}CY ;.. ;. Since ¢’ is in Z then c¢’q=gqc’, ¢'r=rc’ and
¢’s=sc’. Also we know that r¢” = cs = ¢”r =sc = 0. Therefore, cr = c'r
=rc¢’ =rcsothatcg = cr = rc = qc and c is in Z. Similarly ¢” is in Z. Hence
laj U} CZN & and {a? UV} S ZNY ;. ) Clearly

ey +b =2 ay+b+ X ay +>aly, +3 alyl +b".
im1 =1 i=1 i=1

i=1 i=

Since ;O j.i ;) = 0 then a;y? = a/ y;= 0. Also, since a? is in Z, then
a’y! =a? -y!is inzjgi ¥jand b” is in Z;‘#i ¥ so that x = Zf",l a;y;+b
and we have proved Part 1.

Part I1. We know that &/; N\ Z’ # 0 so take x in ;N\ Z’, where x = 0.
x=yy=)2 ayy;+d, where {a;},d are in Z and {yy} is not in Z and
{au},{yu} and d, are in ;. Since x is not in Z then there is somey, ,, with
(@i,m) (¥1,m) not in Z. Define y,», = y; and @, ., = a,. Since a,y, is not in Z
then y, is not in Z for Z is a subalgebra. Suppose {a,}, {y:} are defined and
in ¥ for k < j with the restrictions that a,(a,---(a,ys)---) is not in Z for
all & < j. Since a,(as- - (apyy)---) = (Hf=1 a,)y, (from Lemma 6.4) is not in
Z then y, is not in Z for all k£ < j. Thus from Part I, y,_, = Zi"il a;y;+d,
There is a y, ., such that a\(a;---(a;n¥.m) ---) is not in Z since
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aas---(aj_1y-1)--+)

is not in Z. Define Yimj =Y and Q)m, = Q. Thus we get a set of elements
{¥:i} not in Z and another set of elements {a;} in Z such that for every
J,ai@z---(a;y) ---) is not in Z. Define r;=a,a,---a; and

Mjr = Qj1Qj1p -+ Ay

so that rjmj, = r,. From the finite demensionality of the subspace there is
an s such that {r;y,}}_, are linearly dependent. From Lemma 6.4,

r.ys = a(as(as---(asys) ---))

which is not in Z by the construction of a; and y;. Since r,y; is not in Z and
ry, mj, are in Z for all j and & then r;y, is not in Z for all j for, if r;y; is in Z,
then r,y, = (mjr)y, = mj(r;y,) is in Z. Now, let z; = r;y,. Since {z;} is a set
of linearly dependent vectors then ) {_, «;z; = 0, where some «; are not 0
and no z; is zero for no 2; is in Z. Letting ¢ = min{i: o; 0} will give
zi=— Dt (@i/a)zi=D 141 Biz;, where ;= — a;/a,. We can clearly see
that 2, = r;y;= (m;r)y,= m;(r;y) = m;z;, where j <i so for i >t we have
z;= myz, Therefore, z,= D i_i,, B:izi = )_i111 (Bimy)z, = az, where

a= Z Bimy;.
1=t+1
Since m,isin Z for all i then a is in Z and x = 2, = ax, where x # 0 and is in
Mii.

Suppose A is simple and does not have an identity. An associative algebra,
if simple, has an identity; so A is not associative. Therefore A = >_ I, ;.
If no ¥; is nil then there is an idempotent e¢; in each %/;; and ZL L€ 1s an
identity. We thus have A = ) 7., &/, and ./, nil. From Lemma 6.5, there
areain ¥,,NZ and x #0 in ¥,, with x = ax. Using Lemma 6.4 we get
x=ax=a’x= ... =a""'x =a"x for all m. But x is not zero and for some
m,a™ = 0 which is a contradiction, so A must have an identity.

THEOREM 6.1. For char. = 2, a simple power-associative antiflexible algebra
has an identity.

7. Semisimple algebras. In this section, we will continue to employ the
notation of the section on idempotent decomposition. Recall from [9] that
% (e) is an alternative ideal if A is nearly antiflexible and power-associative.
From the theorem of Artin [14], the subalgebra of an alternative algebra
generated by two elements is associative. If x is in Byy(e) and y is in By(e),
we have (yx)**!= y(xy)*x and (xy)**'= x(yx)*y. Therefore,

Zule) = Lile) %01(9) = Bjo(e) Byi(e)

is nil if and only if Z(e) = Lul(e) L1o(e) = Bo(e) Byle) is nil. We also know
that in B, yi, = y§ = 0 if y,; is in B,/(e).
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LeEmMA 7.1. In any nearly antiflexible power-associative algebra, for any
idempotent, % (e) is nil if and only if % i(e) is nil.

Proof. It is obvious that % ,(e) is nil if £ (e) is nil. Suppose % (e) is not
nil but %1(e) is nil. From above, Zw(e) is nil. Let N be the radical of
% (e) and let = % (e)/N with I;;= % (e)/N. Now & is semisimple
and so has an identity v = vy, + vy + Vo + Ve, Where v;; is in F ;. The I;
multiply as the Ze) so vy, + vio+ Vo + Voo = v = v* = vi+ vy + V11 Uy
+ V10Voo + Vo1 V11 + Voo Vo1 + Vo1 V1o + Vo Consequently, v, = v} + VioVo, Uio
= Uy, V30 + VioVo0, Vo1 = Uy V11 + VooV and vy = Ug; Uy + V3. Since v is an iden-
tity for < then vy = V1oV = Uyolp1 + V1ol SO Vg = UsoVgo and vyolg = 0;
Vor = UgyU = Vg1 Uy + VU1 U1 SO Uy = Ui Uy and vy 00 = 0. From above then
U1y = v} 4 vyove = v} and vy = g + Vo, U1 = V3. Hence vy, = vy, vgo = V&) for
all & and, since £1(e), Lnle) are nil, then Z,;, Dy, are nil so v;; = v = 0.
Thus vy = vy 03 =0, and v,y = VoV = 0 and v= 0. But this contradicts
the semisimplicity of <.

If = e #0 is primitive and f>= f# 0 with ef = fe = f, then (e — f)*
=e—f,(e—fNf=0=fle—f) so e=(e—f)+f, where e—f and f are
orthogonal and f is an idempotent. Since e is primitive then (e — f)’=¢ — f
cannot be an idempotent so e — f =0 and e = f. We will also need the fol-
lowing fact. The algebra B defined in terms of A in the section on idempotent
decomposition is semisimple if A is semisimple.

THEOREM 7.1. Let A be a nearly antiflexible, power-associative semisimple
algebra and let e be a primitive idempotent of B, the algebra defined in the sec-
tion on idempotent decomposition. Then £ (e) = 0 or £ 11(e) = By(e).

Proof. Assume % (e) # 0. We know that B is semisimple so % (e) is non-
nil. By Lemma 7.1, %,(e) is non-nil and, since it is alternative, there is an
idempotent u in %,(e) with ue = eu = u. Since e is primitive, then e = u.
Now, if y is in By;(e), then ye = y is in Z(e) for £ (e) is an ideal. Therefore,
yis in By(e) N £ (e) = L ule). Clearly £i(e) C By (e) and we have proved
that %£.,(e) = B,,(e).

We know that D7, o is a subalgebra so if x,y are in &, then

xy =2 (xy);
j=1
where (xy);is in j. Define Z and (xy) for nearly antiflexible algebras as
they were defined in §6 for antiflexible algebras.
LEMMA 7.2. Z is an associative commutative subalgebra if char. = 2,3.

Proof. In any ring with (x,x,x) =0 and char. # 2 we have 0 = (x,y,2)
+ 2% + (,x,y) + (2,y,x) + (y,x,2) + (x,2,y) =2(x-y,2) +2(y - 2,%)
+ 2(z - x,y). Therefore, if x,y are in Z we obtain (xy,z) = (x-y,2) = 0 and
hence Z is a subalgebra. From xy = yx in Z we get the fact that Z is flexible
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and hence alternative for (x,x,y) + (y,x,x) = 0. However, Z is commuta-
tive so 0= (xy,2) + (yz,x) + (2x,y) = (x, 5,2 Hy, 2, %) + (2, %, )
=3(x,y,2) and Z 1is associative.

Linearization of (x,x,y) = (y,x,x) gives (x,2,y) + (2,x,y) = (v, x,2)
+ (3,2,%). If x,y are in &; and zis in ; for j = i, we have xz=zy = yz
=2x =0 and therefore (2,x,y) = (y,x,2). It is clear that if k= j, z(xy),
= (yx),z2 =0 so 2(xy) = 2(xy); and (yx)z = (yx);z. Since (z,x,y) = (¥,x,2),
we obtain the result — z(xy); = (yx);z and from ;- &;C &, it follows
that (xy);= — (yx);. Hence, 2(xy); = (xy),2. If z is in ¥}, for k = j,2(xy);
= (xy);z= 0. We will use this to prove this fact.

THEOREM 7.2. In a semisimple power-associative nearly antiflexible algebra,
VEN Qjeiornri Xit) C Z.

Proof. If A is semisimple, let all of the e; be primitive with &, possibly
1l. From previous comments, in B, {e;}l_, is a set of orthogonal primitive
idempotents. Now take x, y in 8;. If %'\,(e)) = 8, then xy is in 8; and (xy) = 0.
If £(e) # B then g; = B;; = 0 for all j. If z is in By, with k 5% i # m we have
xz = 2x = zy = yz = 0 so as before (xy)z = z(xy) and (xy) is in Z. Now Z in
B intersected with A yields Z in A. Consequently, the proof follows.

THEOREM 7.3. Let A be a semisimple nearly antiflexible power-associative
algebra. Then A = C + D where C is an alternative ideal and D = >_"_,.., ¥
for some renumbering of the e; and for some m (possibly zero) or D = 0.

Proof. Assume that A is not alternative. If this is so, then, by Theorem 7.1,
% (e;) = 0 for some i. In this case D > 0. Renumber the e; in B so that
¥ (e)) #0foralli < mand, if ¥, is nil, continue to denote e, by e,. Define
C=>"r,%(e). C is an alternative ideal since % (e) is an alternative
ideal for each i and for i > m, ¥ (e;) = 0 by Theorem 7.1.

If A is antiflexible, & (e) is associative so the C of Theorem 7.3 is associa-
tive. Hence, we have this slightly sharper result for antiflexible algebras.

THEOREM 7.4. Let A be a semisimple antiflexible power-associative algebra.
Then A = C+ D, where C is an associative ideal and D =) 7 .., & for
some renumbering of the e; and for some m (possibly zero) or D = 0.

8. An altered multiplication for antiflexible algebras. It is frequently desira-
ble to know, not only how far the theory of a given generalization may de-
part from the usual theorems in a branch of nonassociative algebra, but how
a particular algebra can be changed to conform to the usual theorems. The
theorems of this present section show how the multiplication of a given semi-
simple or simple antiflexible algebra can be altered to make this algebra a
direct sum of an associative algebra, degree one algebras and (in the semi-
simple case) a nil algebra. A partial converse is given showing how, from a
certain collection of algebras, semisimple and simple antiflexible algebras can
be constructed.
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DEFINITION 8.1. Let (A, x, +, F) be an algebra with Z as previously de-
fined. Define (A0, 4, F, ¢) by:

(1) (A% +,F) = (A, +,F).

(2) ¢ is a function from A X A into Z such that:

(a) ¢[x;y]= — ¢[y;x] for all x,y in A, where [x;y] is an element
in A XA.

(b) ¢[(a,b);c)] =0 for all @,b,c in A.

(c) ¢[x;y]=0if x or y is in Z.

(3) (A% 0) is defined by x'y = xy + ¢|x;y].

For simplicity we will denote (A°,0, 4, F,¢) by (A’ ¢). It is clear that
(A", ¢) is completely determined by A and ¢).

DEFINITION 8.2. Let ¢A = A and ,A = (,_, A% ¢,), where |¢,} is a col-
lection of functions satisfying Definition 8.1.

It is obvious that given A there may be no ¢ but the zero function that
satisfies the requirements for ¢. If ¢ = ¢,¢,_, - ¢2¢; then ,A = (A% ¢)
by induction on n. Also if ¢’ = — ¢ then A = ((4%)" ¢’), where A’ = (A" ¢).

From the definition of A%g¢) = (A%¢), (A%¢)) " = AT for x'y+ y°x
= 2x-y. Therefore {x+yxz}| in A%¢) equals {x+y=+z} in A. Also,
(2°x — x°2)°y — y°(2°x — x°2) = (2,%)°y — ¥'(z,x) + 2¢[ 2; 2]’y — 2y%[ 2; x]
= ((2,%),y) + 2¢[2; x]y — 2y8[2; x] = ((2,x),y) so the value of ((z,x),y) is
unchanged. Hence the difference 4{x *y xz} — ((2,x),y) is unchanged and we
have from Lemma 4.2 this lemma.

LEMMA 8.1. For char. # 2 the algebra A is antiflexible if and only if A¢)
is antiflexible.

THEOREM 8.1. Let char. # 2 and assume F is algebraically closed. If A is
semisimple, antiflexible and power-associative then there is a f satisfying (2) of
Definition 8.1 such that A = A%f) = C® Zpi1mi1® -+ © K, Where I
is of degree one or nil for i > m and C is associative.

Proof. Define f[x;y]= — (xy) for all x and y in & for each i. Since
(xy) = — (yx) then f]x;y]= — fly;x] and if x or y is in Z then (xy) =0
so f[x;y] = 0. We have proved that (xy) is in Z. Now ;. &;C ¥ so
that ((2,x),y) =4jx*y+2} C &; for all z,x,y in ¥; and (((z, %),y))
= 2((z,x)y) s0((2,x)y) =0 andf[ (2,x);y]=0.Ifxisin &, and y isin
define f[x;y]=0 for i =j. If x or y is in C, define f[x;y|= 0. Also let
flax + By; z] = of [ x;2] + 8f| ¥; 2] so that f is defined for all x and y in
D mi1 i+ C (using the notation of Theorem 7.3). We have defined f on
all of A X A. Thus f satisfies the various requirements of Definition 8.1. In
A, YIC o;forall i so each ¥ is an ideal for i > m. Since F is algebrai-
closed and the e; are primitive then the ;; for i > m are of degree one unless
A fails to have an identity in which case %, is nil. C is also an ideal in A
since it is an ideal in A. Therefore, A = C® ¥y 1n® -+ ® X,
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CoroLLARY. If A is simple, antiflexible, not associative, power-associative
over an algebraically closed field F and if char. = 2then A = &, ® .- & K,
where if N( ;) is the radical of 7/, in A then &/;/N(¥,) is associative
or nodal.

Proof. In this case, m of Theorem 8.1 is zero for we know that

A= Z i
i=1
and there is an identity so each Z;; is of degree one. Thus ¥;;/N( ;) is
associative or nodal.

We now let {A,}ﬁ;l be a collection of simple nodal, antiflexible, power-
associative algebras over the same field F, C = Zfihﬂ C; be an associative
semisimple algebra that is a direct sum of simple algebras C; over F. We shall
write D for the direct sum of the A; and N, for the set of nil elements in A,.
We know A" is Jordan so if xy = {xy|e; + (xy), where (xy) is in N and {xy}
is in F, then {xy}= — {yx}|. We used e; for the identity of A, For all
i,e;isin Z in D and ((z,x),y) = 4{x xy +z} is in N, if z,x,y are in A,. Also,
ifxoryisin Zin A; then xy==x.y is in N, so {xy} = 0. Define g[x;y]
= {xy}[€+ymoar — €] for all x,y in N; and define g in this manner on all
N;X N,. Define g[x; y] tobe O if x isin A; or x =¢; and y is in A, for i # j
and let g[ax + By;z] = ag[x;z]+ Bg[y;2]. The function g is now defined
onall of D X D into (Z in D) = Z(D) and by our remarks above satisfies all
of part (2) in Definition 8.1 so that D’(g) is antiflexible. For x in N;, x* = x"*
is in N; so g[x" x] = 0 for all k. Thus powers in D and D%g) coincide so
D’(g) is power-associative. Let J be an ideal of D%g) with J N A;>0 in
D’(g). Let x be in J N A,. Since A, is simple there is a set { ¥i}7-, and a z in
N;in D such that some product of x and the y; denoted by y has the property
that y is in N; but yz is not in N,. Since y is in V; in D then the circle prod-
uct of the y; and x denoted by ¥ is also in N; and equals y. Hence y is in J
and  (¥°2) %1 1mean = (‘yz fe(i+1)mod b + W)€ (i1 1)mod k) = {yz ;e(i+l)(modk) and
{yz} = 0. Consequently A, moar in D’(g) is in J. If A, is in J then by the
same reasoning A . 1modk i in J so D(g) = J and D(g) is simple.

LEMMA 8.2. The algebra D“(g) is simple, antiflexible and power-associative
for char. = 2.

Define Q to be the zero algebra over F' of order 2N with generators |x,},
J=1,2;i=1,---,N. Denote D’(g) + C+ Q by A and denote the identity
of C; by e. Let f[xi; xa]=e;, flxj%m]=0if i=korj=m,flx;y]=0if
either x or y is in D%(g) + C, flxiy; xa] = — e; and flax + By; 2] = af| x; 2]
+ Bf[ y; z]. It is not difficult to see that f satisfies part (2) of Definition 8.1
so that A°(f) is antiflexible. All powers are preserved which implies the fact
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that A°(f) is power-associative. If N is a nil ideal of A then N must be in @
for D°(g) + C is semisimple. But this is impossible for, if x;; is in N, then
Xij°X;j.1 = =+ e; which is not nil. We have the following partial converse of
Theorem 8.1.

LeMMA 8.3. The algebra (D'(g) + C + Q)°(f) is semisimple, antiflexible and
power-associative.

In addition, it is clear that, if A" is associative and char. # 2, then there
is a ¢ satisfying Definition 8.1 with A*™ = A“¢) for, when A" is associative,
A~ is associative and (x,y) is in Z. Hence ¢[x;y]= — (x,y)/2 satisfies
Definition 8.1. Clearly then, A = (A)’(— ¢).

9. An altered multiplication for nearly antiflexible algebras. Some, but not
all of the results can be extended to nearly antiflexible algebras. However,
their extension requires a slightly different set of conditions on ¢.

DEFINITION 9.1. Let (A,x,+,F) be an algebra with Z as previously
defined. Define (A%, 0, +, F, ¢) by:

(1) (A% +,F) = (A, +,F).

(2) ¢ is a function from A X A into Z such that:

(a) ¢|x;y]= — ¢[y; x] for all x,y in A, where [x;y] is an element
in AXA.

(b) ¢[(a,b);b]=0 for all a,b in A.

(c) ¢[x;y]=0if x or y is in Z.

(3) (A%0) is defined by xoy = xy + ¢|x;¥].

We now restate the theorems that can be extended to nearly antiflexible
algebras. There are three important facts that should be noted. First, the
results of §6 are not known for nearly antiflexible algebras so the theorems
that use those results must be changed or omitted. Secondly, except for
obvious alterations in the proofs, they may be repeated verbatim. Hence,
we omit these proofs. These alterations involve part (b) of part (2) which is
the only difference between the definitions. Thirdly, neither definition will
serve both purposes. The definition of the previous section is too restrictive
for use in nearly antiflexible algebras. In antiflexible algebras ((z,x)y) =0
and this fact is needed in proving Theorem 8.1. However, in nearly antiflex-
ible algebras we can prove ((z,x)x) = 0 but are unable to show that

((z,x)y) = 0.

In addition to this, the above definition can produce an algebra that is not
antiflexible from one that is.
Ifwelet (A=A and ,A = (,_, A" ¢,), then we can find a ¢ with

A= (A"%9).
Furthermore ¢’ = — ¢ has the property that, if A= (A" ¢) then
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A= ((AY)%¢).
We now list the results for nearly antiflexible algebras.

LEMMA 9.1. For char. # 2 the algebra A is nearly antiflexible if and only if
A%) is nearly antiflexible.

THEOREM 9.1. Let char. == 2 and assume F is algebraically closed. If A is
semisimple, nearly antiflexible and power-associative, then there is a ¢ such
that A%¢) = C® Ypi1m® - ® ¥, where ¥ is of degree one or nil
for i > m and C is alternative.

DEFINITION 9.2. The ¢ of Theorem 9.1 will be denoted by f and A4 = A%(f).

CoroLLARY. If A is simple, antiflexible, not associative, power-associative
over an algebraically closed field F and if char. = 2 then A = &, ® ... ® ¥,
where if N(¥;;) is the radical of ¥, in A then ¥;/N(¥;) is associative
or nodal with the possible exception that A,, may be nil.

Let {A;}L, be a collection of nearly antiflexible nodal power-associative
algebras. Also, let {C;}/L;,, be a collection of simple alternative algebras.
Let e; be the identity of A; for i < k and let e; be the identity of C; for
i > k. Define @ to be the zero algebra of order 2N generated by {x; y:}iL..
Ifwe write D=A,® ---® A;® Cp,,® --- ® C,® Q and define g[ x;; y;] = e,
—glx;y]=0ifxoryisin D/Q, g[x;y:] =0, and g[y; x;|]= — e; then g can
be extended bilinearly on all of D X D. Thus define, g satisfies Definition
9.1 and D°(g) is semisimple, nearly antiflexible and power-associative.

So far, it is not known whether or not simple nearly antiflexible algebras
must have identities. Not much is known about nodal algebras for any of
the particular identities of this paper. It would be nice to know when circle
multiplication destroys simplicity or semisimplicity. Finally, all examples
of simple antiflexible algebras have A* associative but no proof has been
found. If A is nodal and if Z contains no nil elements and if for some
nz4, {(--((x,%),%) --,%) § =0 then {(.--((x,%5),%5)--,%,))}isin
NN Z =0 so inductively ((x,,x;),x3) =0 and A~ is associative.
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